We present a pump-probe optical technique for measuring the thermal conductivity of liquids. The technique uses a reflective geometry which does not depend on the optical properties of the liquid and requires as little as a single droplet to produce a result. An analytical solution is given for bidirectional heat flow in layered media, including the effects of radial heat flow from coaxial Gaussian laser spots, thermal interface resistances, and the accumulation of multiple laser pulses. In addition, several experimental improvements over previous pump-probe configurations are described, resulting in an improved signal to noise ratio and smaller errors at long stage delay times. The technique is applied to a range of liquids and solids. Results are in good agreement with literature values.
I. INTRODUCTION
Ultrafast lasers have been used to study thermal transport in a wide variety of situations, including electronphonon coupling in metals, 1,2 the thermal conductivity of thin films and bulk materials, 3, 4 the thermal conductance of solid-solid 5, 6 and solid-liquid interfaces, 7, 8 and thermal diffusion in bulk liquids. 9 Almost all of these experiments are variations on a pump-probe technique, in which a pump pulse is used to excite the sample, changing the optical properties, and a second time-delayed probe pulse measures the change. Typically, the data are compared to a model of the system, and the unknown properties of interest are adjusted to minimize the error between the model and the data.
In this paper, we present a convenient pump-probe method for measuring the thermal conductivity of liquids. The principle is simple: liquid is placed on a glass substrate coated with a thin film of metal. The laser impinges on the metal through the glass, and the cooling of the metal film is used to deduce the thermal conductivity of the adjacent liquid. Our apparatus incorporates several improvements over previously described systems, including a frequency-doubled pump beam to minimize noise from scattered light, a coaxial geometry for simplified alignment, and a beam expander to minimize probe divergence at long delay times. These improvements are relevant to the measurement of the properties of solids as well as liquids and are described in Sec. II. An analytical solution for the heat flow in our setup is obtained by extending the work of Capinski and Maris 10 and Cahill 11 to account for bidirectional heat flow. This is done in Sec. III. Our approach has unique advantages over other methods for measuring the thermal conductivity of liquids. Only a few microliters of liquid ͑often a single droplet͒ are needed to obtain a reliable measurement. This is far less than the volume needed for the standard hotwire method developed by Nagasaka and Nagashima, 12 and at such small volumes the effects of convection are eliminated. Moreover, because there is no direct interaction between the laser light and the liquid, there are no restrictions on its optical properties. This is an advantage over transient grating methods which rely on thermally induced changes in the optical properties of the liquid to obtain thermal diffusivity. 9 We have applied our technique to liquids spanning the range of commonly encountered thermal conductivities, from 0.05 W / m K ͑FC-72͒ to 0.6 W / m K ͑water͒ and have found good agreement with literature values. In addition, we successfully applied the technique to malleable solids including silicone grease and hardened epoxy.
II. EXPERIMENTAL SETUP
A schematic containing the essential features of our pump-probe system is shown in Fig. 1 . A Ti:sapphire laser emits a train of 150 fs pulses at a repetition rate of 80.7 MHz. The center wavelength is 800 nm and the power per pulse is roughly 20 nJ. The main beam is divided into pump and probe beams with a polarizing beam splitter. The probe beam is expanded with a pair of lenses from a 1 / e 2 diameter of ϳ2 -8 mm, and its optical path is adjusted up to 2.1 m ͑7 ns͒ with a double-pass delay stage.
The purpose of the beam expander is to minimize divergence of the probe beam at long delay times. A perfectly columnated beam with 1 / e 2 radius w 0 will diverge according to
͑1͒
Here w is the 1 / e 2 beam radius, is the wavelength, and z is the propagation distance. Without expansion, our beam radius would increase by ϳ12% at maximum delay, translating roughly into a corresponding increase in focused spot size. After expansion, Eq. ͑1͒ yields an increase in radius of only 0.02%. Measurement of the probe spot with a knife-edge profiler showed no perceptible change in size and a lateral shift of less than 0.5 m over 7 ns of delay. Compared to the option of using an optical fiber after the stage to maintain beam shape, 10 the expander has the advantage that the probe power remains constant over the delay, eliminating the need for a normalizing detector. After the stage, the probe beam is compressed and directed through the center of a 10ϫ objective at normal incidence. Changing the ratio of the compressor to the expander allows us to adjust the focused probe size by changing the diameter of the collimated probe beam into the objective lens.
The pump beam is passed through an electro-optic modulator ͑EOM͒ that modulates the beam at a frequency between 1 and 10 MHz. The modulation frequency serves as the reference for a lock-in amplifier which extracts the thermal signal from the background. After the EOM, a piece of beta-barium borate ͑BBO͒ crystal is used to double the frequency, producing light with a wavelength of 400 nm. Doubling the frequency of the pump beam has the significant advantage over single-color systems that it is easy to use dielectric mirrors and color filters to isolate the pump beam from the detector. This also allows us to use a simple coaxial geometry where pump and probe beams go through the center of the same objective lens, simplifying alignment and producing less distorted Gaussian spots. The color filters also allow us to measure relatively rough samples since the filters are not affected by scattering of the pump into different polarizations and angles. A pair of lenses focuses the pump beam onto the BBO crystal and recollimates it; by adjusting the distance between the lenses, we change the divergence of the beam and therefore the size of the focused pump spot. Typically we use a pump spot size with a 1 / e 2 radius of 25-30 m and a probe spot with a radius of 4 m to minimize any possible error due to probe beam walk off.
Liquid samples are held in the setup shown in Fig. 2 . A piece of glass is coated with 60-100 nm of Al, which has a high thermoreflectance coefficient at 800 nm and acts a temperature transducer. Liquid is placed in contact with Al and is held in place with a second piece of glass. The second piece of glass typically has a channel 100-200 m deep etched in it to contain the liquid, although in practice we achieve identical results if a flat piece of glass is used to trap a thin liquid layer with surface tension. The pump and probe beams impinge through the glass onto Al, and the properties of the liquid are deduced from the cooling curve. The same approach works for amorphous solids such as pastes, greases, and epoxies, which are simply applied to the Al surface.
III. THEORY
The output of the lock-in amplifier is given by
Here Q is the energy per pump pulse, T is the time between pulses, H is the frequency response of the sample, is the delay time between pump and probe pulses, and 0 is the pump beam modulation frequency. ␤ is a constant account- 
FIG. 1.
͑Color online͒ A schematic of the key elements of our pump-probe system. After the first beam splitter, the probe beam passes through a 4ϫ beam expander to minimize divergence over 2 m ͑ϳ7 ns͒ of delay, after which it is compressed before being directed onto the sample through an objective lens at normal incidence. The pump beam passes through an EOM and then a BBO crystal where it is frequency doubled to 400 nm. The doubled light is directed through the same objective lens onto the sample, coaxial with the probe beam. 
Here d is the layer thickness, z is the cross-plane thermal conductivity, and q 2 = i / ␣, where ␣ is the thermal diffusivity.
For the case of unidirectional heat flow with a heat flux imposed on the top surface, multiple layers are handled by multiplying the matrices for individual layers together,
where M n is the matrix for the bottom layer. An interface conductance G is treated by taking the limit as the heat capacity of a layer approaches zero and choosing z and d such that G = z/d . If the nth layer is assumed to be semi-infinite, then the surface temperature will be given by
We extend Eq. ͑4͒ to the case of bidirectional heat flow by solving two layered systems and matching the boundary conditions at the interface. The model is illustrated in Fig. 3 . The first system, M 1 , is a two-layer stack consisting of the interface conductance G 1 between the glass slide and the Al and a semi-infinite glass layer. The second system, M 2 , has three layers: the Al layer, the conductance G 2 between the Al and the liquid, and a semi-infinite liquid layer. The boundary conditions at the interface are
where f is the total heat flux supplied to the system. After some algebra, we find the temperature of the Al layer at the Al-glass interface,
where C 1 , D 1 and C 2 , D 2 are the matrix elements from Eq. ͑4͒ that correspond to systems 1 and 2, respectively. The interface temperature is the quantity measured in the experiment and corresponds to H in Eq. ͑2͒.
Equation ͑8͒ can be extended including the effects of radial conduction caused by finite laser spot sizes. The problem has cylindrical symmetry, so a zero-order Hankel transform can be used to simplify the equations. The Hankel transform of ͑r͒ is given by.
where k is the transform variable and r is the radial coordinate. Applying the transform to the governing diffusion equation and repeating the procedure described in Eqs. ͑3͒-͑8͒ yields identical results, except that now q in Eq. ͑3͒ is given by
where r and z are the radial and cross-plane thermal conductivities, respectively, is the density of the layer, c p is the specific heat, and k is the transform variable. The heat flux term f at the boundary is given by the Hankel transform of a Gaussian spot with power A 0 and 1 / e 2 radius w 0 . The interface temperature from Eq. ͑8͒ then becomes
͑11͒
This result is still in the transform domain. To find frequency response H in real space, we must take the inverse Hankel transform and then weight the result by the probe intensity distribution, which is taken as a Gaussian spot with 1 / e 2 radius w 1 ,
ͬdk.
͑12͒
This solution for the frequency response is inserted in Eq. ͑2͒, which we solve numerically. In order to extract the liquid thermal conductivity k, we use a least-squares minimization routine to vary the liquid thermal conductivity k and the Al-liquid interface conductance, G 2 , to match the phase of Eq. ͑2͒ to the data. The sensitivity of the measurement is limited by heat flow into FIG. 3 . ͑Color online͒ Thermal model for bidirectional heat conduction into the liquid and glass substrate. The problem is divided into two multilayer stacks: stack 1 consists of the thermal conductance between the glass and the Al transducer layer and a semi-infinite layer of glass; stack 2 consists of the Al transducer, the thermal conductance between the Al and the liquid, and a semi-infinite liquid layer.
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A pump-probe technique for liquids Rev. Sci. Instrum. 79, 064902 ͑2008͒ the glass, which has a thermal conductivity on the order of 1 W/ m K; sensitivity increases as the fraction of heat flowing into the liquid increases. We take the sensitivity of our measurement to a parameter x as the logarithmic derivative
where is the phase angle. Figure 4 shows the sensitivity to the liquid thermal conductivity and the Alliquid conductance as a function of liquid thermal conductivity. The values are plotted for a delay time of 1000 ps, although the curves look similar over the range of delay times. As the figure shows, the model is one to two orders of magnitude more sensitive to the liquid thermal conductivity than the interface conductance.
IV. RESULTS AND DISCUSSION
Values for the thermal conductivity of the glass slide and the glass-Al thermal conductance G 1 were obtained by performing a pump-probe measurement on the Al-coated side. The aluminum thickness was determined to within 2 nm via the acoustic echoes of the thermal shock wave. 15 The glass thermal conductivity was found to be 1.12 W / m K and the interface conductance was approximately 150 MW/ m 2 K. These values were kept constant in all subsequent fitting of liquid properties.
The amplitude and phase of a typical signal obtained from the lock-in amplifier during a measurement of decane are shown in Fig. 5 . The damped oscillations are due to Brillouin backscattering in the glass slide. 16 The acoustic frequency f ac = 21 GHz is related to the probe wavelength through f ac =2nc / , where n is the index of refraction and c is the speed of sound in the glass. The oscillations are small enough compared to the thermal signal that they do not interfere with the model fit.
Either the amplitude or phase data can be compared to Eq. ͑2͒ to extract the liquid thermal conductivity. In practice, we find that fitting to the phase produces more reliable results because it is slightly less noisy and removes any difficulties associated with normalization. As mentioned above, we use a least-squares minimization routine to vary k and G 2 to match Eq. ͑2͒ to the data. The fit value for the interface conductance varied widely at different locations on the sample, and from liquid to liquid. We attribute this to the fact that our slides became microscopically scratched after numerous tests and also to the fact that the model is generally not very sensitive to the interface parameter, as shown in Fig. 4 . Nonetheless, values for G 2 typically ranged from 50 to 100 MW/ m 2 K for our samples, in fair agreement with other findings. 7 Sample data and best fit curves for four liquids are shown in Fig. 6 .
Six liquids and a thick silicone grease were measured with this method at room temperature. Typically, we would measure five locations on a sample and take the mean value; variation between locations was on the order of 10%, slightly higher for the low conductivity liquids. The results are compared to the accepted values at 300 K in Fig. 7 . The largest error is less than 5%.
Two potential sources of error that should be examined are the effects of convection and the steady temperature rise of the sample due to prolonged heating. We verified that convection was not present by trying three liquid channel depths ͑200 m, 100 m, and a droplet squeezed between two slides͒ for two liquids, water and decane. One would expect that viscous forces would overwhelm inertial forces at these length scales, and indeed we saw no change in our results among these configurations. The steady temperature rise can be estimated by taking the low frequency limit of Eq. ͑12͒. 11 We consider only the temperature rise in the glass; this will be an upper bound estimate on the temperature rise,
Here ⌬T is the steady temperature rise, q is the incoming laser power, R is the sample reflectivity, is the thermal conductivity, and w 0 and w 1 are the pump and probe radii, respectively. For our typical pump power of 25-40 mW over a 1/ e 2 diameter of 50 m and a reflectivity of around 0.9-0.95, we estimate a steady rise of 10-20 K. We did not see a significant change in our results as we changed the pump power from 20 to 80 mW, although above 80 mW signal stability decreased, possibly due to bubble formation.
V. SUMMARY
We have introduced a convenient optical technique for measuring the thermal conductivity of liquids. Pump-probe systems are becoming commonplace in universities and research laboratories. Now, with an Al-coated glass slide, these systems can rapidly measure a wide variety of liquids. The technique is immune to convective effects and can measure extremely small volumes. Although there is likely a steady heating effect of 10-20 K, the sample could be placed in a temperature controlled environment with an optical window and temperature-dependent thermal conductivity measurements could be made. Doing this for a well-characterized liquid would reveal the nature of the steady offset. 
